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Abstract 
The finite element method is applied to solve the Shrodinger equation for two dimensional exci­
tons. With the second order polynomial for a triangular element, the eigen-values and -functions 
are obtained by numerical calculations. The decrease of the binding energy of excitons due to the 
static screening effect is also discussed. 
1 .  Introduction 
The finite element method, (which is denoted by FEM, hereafter), a variant of the Rayleigh-Ritz 
procedure, is a method to minimize the functional corresponding to governing differential equation, 
so called Euler equation [1]. Different from other approximate procedure, one can easily find a trial 
function by discretizing a contnuum field into elements. One of authors (H.A) showed that FEM 
was an effective method to solve the eigenvalue problem, the Shrodinger equation for rare gas spec­
tra with one dimensional Lennard-Jones potential [2]. 
The purposes of this paper are the application of FEM to two dimensional excitons which may 
exist in layer type semiconductors. The eigenvalues and the eigenfunctions of ideal two dimensio­
nal exciton were shown in an excellent work by Shinada and Sugano [3] . In this paper the Shrodin­
ger equation for a hypothetical two dimensional hydrogen atom is solved and furthermore the decrease 
of the binding energy of excitons due to the static screening effect as a function of the screening 
length, i.e., as a function of electron-hole pair densities are obtained by numerical calculations. 
Throughout of this paper we use the second order polynomial in plane for a triangular element 
having six nodes since that the selection of a trial function depends on the way to divide the field 
into elements. 
In section 2 the functional is derived and in Section 3 the finite element formulation is carried 
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out. Results and discussions are given in Section 4. 
2. Functional for Hypothetic Two Dimensional Excitons 
Within the effective mass theory the envelope function q, ( r) of the exciton descriving the relative 
motion of an interacting electron and hole pairs is given by the solution of the following two dimen­
sional Shrodinger equation with an attractive coulomb potential 
--ti • a• a• e2 
- ( - + - ) q, + l/J = - E q, , 2J.l ax• ay• e (x• + y• ) 112 (1)  
where J.l is a reduced mass and e is a dielectric constant of the crystals. When we discuss the effect 
of the static screening the bare coulomb potential is replaced by the screened coulomb potential: 
( e• I r ) exp ( - J..r ) , r = (x• + y• ) 112, J.. is a inverse of a screening length. 
Introducing the Bohr radius a = e1Z 2 /J.le2 and the Rydberg constant R, = J.le4 /2h • e• ,  eq. (1)  is 
rewritten as 
a• a• 1 1 �  ( - + - ) q, + ( - ) F q, = - ( - ) E q, ax• ay• a a • • 




Region R bounded by a curve C,s and n 
represent an arc length and normal 
direction respectively. 
In deriving the functional in our model we assume the following expression; 
l =f j R ( q,, l/Jax . tPaY •  X, Y) dXdY , 
(2) 
(3) 
where f is a continuous and possesses two continuous derivatives with respect to its five aruguments, 
R is a given region bounded by a curve C in X - Y plane as shown in Fig. 1. In eq. (3) X = x/ a, 
Y = y/ a and l/Jax = aq,/ aX, l/Jay=aq,/ a Y are the partial differentiation. We assign arbitrary indepen­
dent variation to q, and its derivatives to obtain the variation ol, which is given as follows: 
(4) 
Equation (4) is rewritten by integrating by parts and using Green's theorem in plane as follows. 
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(5) 
where s and n represent an arc length and normal direction on C, respectively. When oc/J is specifi­
ed to be arbitrary ol will vanish irrespective of oc/J, if the two terms in brackets are zero in their 
domains of an integration. Then one can obtaine the stationary conditions as follows. 
in R .  
at ax at a Y  
-- -- + -- -- 0 on C . acPoX an acPoY an 
Here we assume f as 
1 




Substituting eq. (8) into eq. (6) and performing the differentiations, we finally obtain the following 
equation: 
cPoXX + cPoYY + (F + E ) cP = 0 , 
where c/JoXX = a• c/J/ aX• , cPoYY = a• c/J/ a Y 2 • 
It is clear that eq. (9) is identical to eq. (2). 
(9) 
With the above assumption the functional which sa tisfies the Euler equation corresponding to eq. 
(2) is defined as follows: 
(10) 
In this case, the natural boundary condition must be taken into account when c/J (x, y) is not prescriv­
ed on C, which is given by substituting eq. (8) into eq. (7) 
0 on C . ( 11 )  
The solution of  eq. (2 )  is therefore equivalent to find the function c/J which minimizes the functional 
I in eq. (10) .  
3. Finite Element Formulation 
We divide the region into small triangular elements as shown in Fig.2 .  The trial function in a 
typical triangle m specified by the nodes 1 ,2 ,3 ,  . . .  , 6 is assumed to be given in the following form; 
cP = [N] [a ]  (13) 
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where [NJ = [ 1 X Y X•  XY Y 2 J , [a] = [a1 a2 a, a. a5 a6 J T, ai ( i = 1, 2, . . .  , 6) are constants 
to be chosen so as to satisfy the nodal value at the element node and T represents a transposition. 
The function <P is therefore uniquely specified within the element by the nodal value 4>1, t/>2, • • •  , 4>6 and 
their associated coordinates as 
(13) 
where suffix (m ) refers to the typical triangular element ' and elm) J represents the values of <P at 
the nodes, which is given by 
(m) [ T [<P J = tPt </>. • • • •  <Ps ] 





Division of the region into triangular elements and 
X m represents the typical triangular element defined --t'\r--------'lr---f----7"'---- by nodes 1, 2, . . .  , 6 .  
From eq. ( 12 ) ,  ( 13 )  we obtain the trial function as follows; 
(16) 
Substituting eq. (16) into eq. (10) ,  the functional for the element is expressed as 
(17) 
where [A(mJ ]  = ff
m
l ( a� [N] T ) <:x [NJ )  + ( aaY [N] T ) ( a� [N] ) - F [N] T [N] f dXdY , 
(18) 
[.EfmJ ] =ff [N{ [N] dXdY m 
(19) 
In eq. (18), (19) the integration is carried out over the element. 
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The tototal energy is given by the summation of its element fmJ ,  
J = � fm) . (20) 
To minimize the total energy L we minimize the energy of the element fmJ by taking the partial 
derivative with respect to [ q/mJ]; 
(21) 
It should be noted that eq. (21) holds for all elements in the region. With the compatibility, the 
values of </J; at the interconnecting nodes detween adjointing elements must be same, we finally ob· 
tain the linear algebraic equation; 
(A - E B) [ <P] = 0 . (22) 
Equation (22) is the well known secular equation which determines the eigen-values and -functions. 
y 
Fig. 3 
A hatched part in a circular region where the 
numerical calculation is carried out. 




Triaangular elements which a hatched regioR is divide 
divided into. 
The functional given by eq. (10) is defined in unbound space, where the integration is carried out. 
Performing numerical calculations we therefore deal with our problem in a circular region as shown 
in Fig. 3, with a natural boundary condition given by eq. (1 1) .  Since we are interested in the lower 
discrete states, it is sufficient to take a hacthed part in a circular region instead of the whole q�gion 
because of the symmetry of the potential energy curve. Then we divide a hacthed region into tri· 
angular elements having 25 elements and 66 nodes as shown in Fig.4.  The number of elements are 
restricted to a certain extent because of the limitation of the computer capacity. The best condition 
must be determined by adjusting the length R1o £?., . . .  , R,, fixing the number of the elements. We 
determined the length of R1, £?., . . .  , R,, considering the shape of the potential curve and the length 
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of Bohr radius. With the above numerical example we obtained the eigenvalues of two dimensional 
hydrogen atom, i. e. , two dimensional excitons as shown in Table I with the analytical result by 
Shinada and Sugano [3] . ,  E = - 1/(n + 1/2) 2 , n = 0, 1, 2 ,  . . . .  It should be noted that a noticeble dif· 
ference between the three- and two-dimensional cases is that in the two-dimensional case the deno­
minator of the energy eigenvalue is (n + 1/2) • instead of n• and n starts from zero. The numerical 
results are fairly agreement with the analytical ones, especially for case 5 in Table 1 .  Table 2 shows 
the values of R1, £., . . .  , R. corresponding to each cases of Table 1. The radial part of the eigenfunc­
tions obtained from the nodal values of case 5 are shown in Fig. 5 .  From Table 1 ,2  one notices 
that one must employ smaller elements nearby Bohr radius and where the potential curve changes 
abruptly. One can also recognize that .the region of an integration must be extended and the num­
ber of the elements have to be increased to obtain the higher energy levels. These complications 
are not an essential defect of FEM but come from the limitation of the · computer used. 
t/JJr) 
Fig. 5 
The shape of the wave function tf>. (r) ,  n = 0, 1, 2 
(not normalized) oatained from the nodal values. 
The dotted lines show negative. 
Table 1 The calculated eigenvalues of two dimensional 
hydrogen atom E as a function of R1, £., . .  , R,. 
Finite Element Method 
Analytical 
Case 1 Case 2 Case 3 Case 4 Case 5 
- 4.000 - 4.014 - 3.739 - 3.905 - 3.479 - 3.926 
- 0.444 -0 .062 - 0.503 - 0 .509 - 0 .425 - 0 .448 
- 0. 160 8.946 0 .121 0.105 -0 . 176 - 0. 169 
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Table 2 The values of R,, R. . . . .  , !?., corresponding to each 
cases of Table 1 .  
R, R. R. R. !?., 
Case 1 0.3779 0. 7559 1 . 1339 1 .5118 1 .8898 
Case 2 1 . 1339 2.2677 3.4016 4 .5354 5.6693 
Case 3 0.3779 1 . 1339 2.2677 3.7795 5.6693 
Case 4 1 .8898 3.7795 5.6693 7.5591 9.4488 
Case 5 0.3779 0.7559 1 .5118 3.0326 8.5039 
As are stated at the beginnings of this paper, excitons, composite particles of electrons and holes 
are instable due to many effects. One is the static screening effect due to free carriers. This 
effect is easily estimated by FEM using a screened coulomb potential F with non-zero values of A.. 
Performing numerical calculations to obtain the decrease of the binding energy of exciton, the mate­
rial constant of GaSe, typical layer type semiconductor, are used, i. e. , E = 10.2 and ,u = 0 .14[4] . As is 
shown in Fig. 6, the lowest binding energy of excitons decreases with increasing ,t, which is connect­
ed to the number of the electron-hole pairs. In a case of two dimensional electron·hole systems the 
inverse of the screening length A. is approximately given by the formula A. • = 16 7en0 I a instead of A. 2 
= 4 n� 13 I a in three dimensional one, where n0 is a density of electron hole pairs. 
This gives the Mott criterion [5] . for the existence of bound electron-hole pairs in semiconductors, 
a • n0= 0.02.Unfortunately, no available experimental results concerned with the instability of approxi­
mate two-dimensional excitons are reported. 
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Fig. 6 
The decrease of the lowest binding energy of 
excitons as a fuction of the inverse of the screening 
length A. The parameters R,, R,, ... , R, of case 
5 are used here. 
We confined ourselves FEM to two-dimensional case but we can extend this theory to three­
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